In this paper, the counter-current Imbibition phenomenon is considered in a fractured heterogeneous porous medium with the consideration of di erent porous materials like ne sand, volcanic sand and glass beads and magnetic eld e ect. The Homotopy analysis method is used here to derive an expression for nding the saturation pro les in a fractured heterogeneous porous medium with and without considering the magnetic eld e ect. Simulation results are developed for the saturation pro les to study the e ect of inclination and the viscosity variation of native uids on the saturation rate and the recovery rate of the reservoir with some interesting choices of parameters.
Introduction
Imbibition phenomenon is a process in which some uid lled in porous medium comes in to contact with other uid by which the solid is being preferentially wetted, as a result the wetting uid will ow spontaneously through the solid walls of the pores into the medium and on the other side the residual uid will be expelled. Imbibition created due to the di erences in the wetting abilities of the uid is called counter-current imbibition and it is a natural process that depends upon the porous medium as well as on the injection rate in a reservoir. In recent years, the V. P. Gohil, Department of Applied Mathematics and Humanities, Sardar Vallabhbhai National Institute of Technology Surat, Gujarat, India, E-mail: vpgohil0909@gmail.com *Corresponding Author: Ramakanta Meher, Department of Applied Mathematics and Humanities, Sardar Vallabhbhai National Institute of Technology Surat, Gujarat, India, E-mail: meher_ramakanta@yahoo.com study of di erent e ects, namely magnetic eld (due to the magnetic uid particles involved in injected water), viscosity, homogeneity, heterogeneity, fractured, porosity, capillary pressure and relative permeability on oil recovery system is a most challenging problem in the eld of petroleum engineering and hydrogeology.
Many researchers have taken their keen interest in studying the di erent types of phenomena that arises in uid ow through fractured porous media. Countercurrent imbibition phenomenon is an important phenomenon that has been discussed by many researchers from di erent point of view. Verma [25] discussed analytically a case of water-oil imbibition phenomena in a cracked porous medium with the consideration of a bar of nite length through perturbation approach. Similarly Verma [26] and Reis and Cil [19] developed a mathematical model for imbibition and ngering phenomena on ground water replenishment in a cracked porous media. Babadagli [3] studied the e ects of temperature on the efciency ofthe capillary imbibition mechanism and concluded that due to the temperature variation and increment in the capillary imbibition rate results a reduction in viscosity and interfacial tension. Standnes [22] experimentally studied the e ect of boundary conditions on oil recovery in presence of co-and counter-current spontaneous imbibition.Tavassoli and Zimmerman [23] studied this phenomena in a strongly water-wet system and derived an expression for the saturation pro les through an approximate analytical approach withthe consideration of viscosity of the native uid.Behbani et al. [5] derived an expression for the saturation pro le in counter-current imbibition phenomena which shows that the behavior of twodimensional displacement can be predicted by using a one-dimensional model.While Ruth et.al [20] analyzed the same phenomena in a semi-in nite porous medium with the consideration of capillary pressure and relative permeability as a unique function of saturation which is independent of the nature of displacement and time. Meher and Mehta [12] considered capillary pressure and studied this phenomena in a homogenous porous media analytically through an exponential self-similar solutions tech-nique.Patel and Meher [15] [16] [17] considered fractured media, inclination and gravitational e ect and explored the same phenomenon to decide the saturation rate and the recovery rate of the reservoir through a semi analytic approach in a heterogeneous porous media. Gohil and Meher [9] used homotopy analysis method and considered the same phenomenon for a time positive fractional kind to study the anomalous behaviour of the saturation of wetting phase.Vu [28] developed a theoretical model for imbibition phenomena in uid ow through anisotropic fractured porous media and simulated this model through boundary element method. Abbasi et al. [1] considered the gravitational e ects in counter-current imbibition phenomena while Liang et al. [10] discussed the development in oil-water saturation rate in spontaneous imbibition with the help of Nuclear Magnetic Resonance. De Borst [8] studied the uid ow in a fractured porous media by using extended nite element method (FEM).
Patel and Meher [15, 16] considered fractured, inclination and gravitational e ect and studied this phenomenon with the consideration of two porous materials in a heterogeneous porous media. In this paper, the work of Patel and Meher [15, 16] has been extended to a fractured heterogeneous porous media with the consideration of viscosity and magnetic eld e ect with three porous material namely ne sand, volcanic sand and glass beads. The novelty part of this study is to study the e ects of viscosity of native uid and the magnetic eld on saturation rate in deriving the expression for nding the saturation rate and the recovery rate of the reservoir with the presence of di erent porous materials.
Mathematical formulation of the problem
Here it is considered a cylindrical block of length 'L having it's all sides are surrounded by a leak proof surface except one open end. Imbibition surface is labelled by face x = and assumed that the cylindrical block be inclined at an angle α with the ground surface as shown in gures 1 and 2. It is also assumed that the capillary pressure of wetting phase is low, having a thin layer of magnetic eld on the surface due to the presence of magnetic uid particles in injected uids. Due to the low capillary pressure of wetting phase, the counter current imbibition exist on the line of the interface. The equation describing the conservation of mass [16, 21] for oil & water is
Neglecting the compressibility of uids (i.e. ρ i s of oil and water are constant), the conservation Eq. (1) reduces to the following form
Since the problem is dealing with one dimensional form only, the Eq. (2) becomes
where v i is the seepage velocity of water and oil which can be expressed by using Darcy's law as
In linear case, Eq. (4) becomes
Since the problem is dealing with an external e ect of magnetic eld, so an additional pressure that is exerted due to the pressure of a layer of magnetic uid in the displacing uid (w) [27] can be expressed as [26] µm λ + πµm λ r (l+ )
H ∂H ∂x
Hence the equations of seepage velocity (5) of water and oil with magnetic uid particles becomes
where
Since the problem is dealing with counter-current imbibition phenomenon in heterogeneous porous media, so the relation between the seepage velocity of oil and water, permeability and porosity of the porous medium can be expressed as [12] 
The de nition of capillary pressure gives
Eqs. (6), (7) and (9) 
Where
Hence Eq. (3) reduces to
As per Brooks-Corey model [6, 16] , the relationship of capillary pressure, relative permeability & phase saturation for counter-current imbibition phenomena are
Where Swr is the residual saturation of wetting phase. The magnetic eld intensity [27] H is only in X-direction so it can be expressed as [26] 
Where Λ is Magnetic eld intensity constant Using Eqs. (14) to (17) in Eq. (13), it gives
By using the dimensionless variables
and using the simpli cation of Eq. (10), it gives
The dimensionless form of Eq. (19) takes the form
With appropriate initial condition 
Again by introducing X = 
Where C =
Solution through homotopy analysis method
The initial approximation through HAM [11] is
Using HAM, the linear and nonlinear terms for the solution of Eq. (22) can be de ned as
Where S The convergence of the series (31) depends upon the auxiliary parameter. If it is convergent at q = , one has
Which must be one of the solutions of the original nonlinear equation, as proven by Liao [27] . Eq. (35) discusses the saturation pro les of injected uid during imbibition phenomena in a fractured hetrogenous porous media with magnetic eld e ect where as Eq.(36) discusses the saturation pro les of injected uid during imbibition phenomena in a fractured hetrogenous porous media without considering the magnetic eld effect.
Convergence Analysis of the Homotopy Analysis Method
The exact square residual error [24] 
of a nonlinear equation N[Sw(X, T)] = is
Where Ω is the region of interest and Obviously when Res(h) → , the homotopy series solution converges to the exact solution. By using maxima-minima concept, we will have to nd out the minimum value of Res(h) such that we get the proper value of convergence control parameter h.
Convergence control parameter h can be obtained by using Eqs. (37) and (38). We can also use h − cureve to choose the proper value of controlling parameter h such that series solution (32) converges to the exact solution of given nonlinear problem as per following theorems 1 and 2
Theorem 1. Suppose that A ⊂ R be a Banach space denoted with suitable norm, over which the sequence Sw,n(X, T) is de ned for some speci ed value of h. Assume that the initial approximation S w, (X, T) remains inside the ball of the solution Sw(X, T). Taking r ∈ R be a constant, the following statement hold true: If S K+ (X, T) ≤ r S K (X, T) for all K, some < r < , the series (32) converges absolutely.

Proof
If S n (X, T) denote the sequence of partial sum of series (32). Now, we will prove that S n (X, T) is Cauchy sequence in A.
Now for every m, n ∈ N and n > m,
S n is Cauchy sequence in Bananch space so it is convergent. (26) . [11] Numerical results & discussion . E ect of Viscosity on saturation rate Figure 3 discusses the e ects of viscosity on saturation rate in di erent porous materials with and without considering the magnetic eld e ects which shows that the saturation rate is higher for low viscosus native uids in fractures as compared to matrix porous media with magnetic eld effect for all kinds of porous materials. Saturation rate is also higher in ne sand having low viscous native uid as compared to volcanic sand and glass beads in fractured porous media under the e ects of magnetic eld while the saturation rate is lower in glass beads with highly viscous native uid in matrix porous media without any e ect of magnetic eld at a particular distance from the initial point.
Theorem 2. If the series solution de ned in (32) is convergent, it converges to an exact solution of nonlinear problem
(e) (f) Fig. 4 : Satuartion rate for Fine Sand (a)with magnetic eld e ect (b) without magnetic eld e ect,Satuartion rate for Volcanic Sand (c)with magnetic eld e ect (d) without magnetic eld e ect,Satuartion rate for Glass beads (e)with magnetic eld e ect (f) without magnetic eld e ect Table 1 ,2 and 3 discusses the numerical values of saturation rate in di erent porous materials like Volcanic sand,Fine sand and glass beads having the e ects of the viscosity of native uid with and without considering the magnetic eld e ect in fractures as well as in porous matrix in porous media.
. Inclination e ect on saturation rate Figure 4 discusses the e ects of inclination on saturation rate which shows that there is an impact of inclination on the saturation rate in all kinds of porous materials. Saturation rate is higher in zero inclined plane as compared to higher inclined plane i.e the saturation rate is more for α = o in fractures and in ne sand with the e ects of magnetic eld. While the saturation rate is lower for α = o in glass beads in matrix porous medium without the e ects of magnetic eld and it implies as the angle of inclination of the plane be increases the saturation rate be decreases. Tables 4,5 and 6 discuss the numerical values of saturation rate in di erent kinds of porous materials in fractured and matrix porous media with consideration of inclination and magnetic eld e ect when the ground water and the native oil moves on an inclined plane inside the reservoir as shown in Fig. 1 .
Recovery rate
Oil recovery rate can be found by some speci c proposed formula that matched with uid properties and imbibition experiments. This formula has been used by Tavassoli et 
al. [23] , Patel and Meher [16, 17] in their previous research. For the rst time, Aronofsky et al. [2] introduced the following function of recovery rate
Here R∞ is the ultimate recovery that means the limit toward which the recovery converges, the recovery rate is R and γ is a constant giving the rate of convergence. Figure 5 to 9 discusses the variation in recovery rate in di erent porous materials in fractured and in matrix porous medium with and without considering magnetic eld e ect. From Table 7 and 8, it can be concluded that 36.15 % and 34.53 % of the reservoir oil can be recovered in 40 years in ne sand with the e ect of magnetic eld. While in the same time duration 31.67 % and 31.17 % of oil can be recovered in ne sand without considering the effects of magnetic eld in fractured porous media. Hence it reveals that the fractured ne sand is the best porous materials for the optimum recovery rate of the reservoir among all the three porous materials that has taken for comparison. Similarly from Fig. 5 to 9 , it can also be concluded that the presence of magnetic eld has a greater impact for an optimum recovery of the reservoir in all types of porous materials in uid ow through fractured porous medium. Table 7 and 8 discuss the numerical values of the recovery rate in fractured and in matrix porous medium in di erent porous materials with and without considering the magnetic eld e ect. 
Conclusion
The signi cant part of the study is the study of the impact of viscous native uid and magnetic eld on saturation rate and on the recovery rate of the reservoir with the consideration of di erent porous materials during countercurrent imbibition phenomena in an inclined fractured heterogeneous porous media.It can be concluded that there is a greater impact of external force, porosity, permeability of di erent porous materials and the viscosity of native uids on saturation rate and on the recovery rate of the reservoir. These results are very useful for petroleum reservoir engineers, researchers and geologist working in the eld of petroleum reservoir problems. 
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